Magnetic dependence of the critical and persistent current of asymmetric 

superconducting rings 
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The obtained periodic magnetic-field dependencies of the critical current Ic+{^/^o), ^c-('&/$o), 
measured in opposite directions on asymmetric superconducting aluminum rings, allow to explain 
observed earlier quantum oscillations of a dc voltage as a result of alternating current rectification. 
It is found, that the high efficiency of the rectification of both individual rings and ring systems 
is connected to a hysteresis of the current-voltage characteristics. The asymmetry of the current- 
voltage characteristics providing the rectification effect is due to the relative shifts of the magnetic 
dependencies 7c_(<l?/"f?o) = Ic+{^/^o + Aiji) of the critical current measured in opposite directions. 
This shift means that position of /c+('l?/"I'o) and Ic-{^/^o) minimums does not correspond to 
n-l-0.5 magnetic fiux quantum $o which is in the direct contradiction with measurement results of the 
Little-Parks resistance oscillations. Despite of this contradiction the amplitude of the critical current 
anisotropy oscillations /c,an($/$o) = Ic+{^/^o) — -^^c-('f?/'3?o) and its variations with temperature 
correspond to expected amplitude of the persistent current oscillations and to its variations with 
temperature. 



1. INTRODUCTION 

It is known that the current I — §i dlE/ Ri induced by 
the Faraday electromotive force f^dlE — ~d^/dt, flow- 
ing along a conducting loop I, should cause the potential 
difference V — {Ris — Rils/l)I — Ranyml on the segment 
Is with the resistance Ris different Ris/ls Ri/l from 
the resistance Ri along the whole circle I. 

Measurements have discovered that the potential dif- 
ference Vdc{^/^o) can be observed on an asymmetric su- 
perconducting loop with [T] and without Josephson junc- 
tions 0, i3j. The sign and magnitude of this potential 
difference periodically depend on the magnetic flux <i> 
inside the loop; the period is equal to the flux quantum 
<f>o = irh/e. It is known *4|| that the averaged value of the 
persistent current Ip circulating in such loops depends on 
the magnetic flux in a similar manner /p(<I>/$o)- Thus, 
there is a certain analogy between the persistent current 
i.e., the direct current existing due to Bohr quanti- 
zation under equilibrium conditions at the magnetic flux 
<f> ^ n$o constant in time d^/dt = 0, and the ordinary 
circulating current existing due to the Faraday electromo- 
tive force, i.e., at d^dt ^ 0. Since the observed depen- 
dencies Vdci^l^o) [11, [3, S] are proportional to Jp($/<I>o) 
we can write Vdc{'^/^o) = -Ras^p(*i>/$o) introducing the 
quantity Ras by analogy with the resistance difference 
{Ris — Rils/l) defining the relation between the potential 
difference and circulating current in an ordinary asym- 
metric loop. We emphasize that observation of oscilla- 
tions Vdc(*&/$o) on superconducting structures both with 
[l| and without 0, 0] Josephson junctions confirms the 
analogy between a one dimensional ring and the super- 
conducting quantum interferometer, noted in some pa- 
pers 5]. 

The quantity Ras in a superconducting ring, unlike 
an ordinary ring, is not constant, but depends on var- 
ious factors, first of all, on temperature T. It is clear 



that Ras 7^ and the potential difference Vdc($/$o) = 
Raslpi^/^o) can be observed only in the resistive state. 
The ring resistance in an equilibrium state is nonzero, 
Ri > 0, at temperatures higher, T > Tc, or close, T « Tc, 
to the superconducting transition temperature Tc. Ob- 
servations by Little and Parks of resistance oscilla- 
tions i?(3>/<I>o) of a thin-walled superconducting cylin- 
der in a magnetic field showed that not only i?; > 0, 
but also Ip{^/^o) 7^ at temperatures T k, Tc cor- 
responding to the resistive transition i?;„ > i?; > 0. 
According to the conventional explanation Q, the peri- 
odic variation in the resistance i?(<I'/<I>o) of a thin-walled 
superconducting cylinder [gI] or a ring Q, measured at 
a temperature corresponding to the resistive transition 
Rin > Ri > 0, is caused by the change in the critical tem- 
perature Ai?(<i>/<i>o) cx -ATc(<i>/<i>o). The decrease in Tc 
at $ 7^ $0, -ATc($/$o) oc v'^^{<^>/^o) cx (n - $/$o)2 is 
related to an increase in the superconducting state energy 
in proportion to wj($/$o), when the permitted super- 
conducting pair velocities Vs{^/^o) cx (?! — <I>/$o) can- 
not be zero [1, Q. Little-Parks oscillations Ai?($/<I'o) = 
AV{^/^o)/Iext are observed at the measured current 
lext, which can differ by hundreds of times Q; there 
is no reason to doubt that they should also be ob- 
served in the limit of infinitesimal values of lext , i-C, 
at thermodynamic equilibrium. The persistent current 
Ip = sjp = s2ensVs cx n — $/$o observed due to the 
quantization of the velocity circulation of superconduct- 
ing pairs [1], 



dlv = (n- — ) 

m <3>o 



(1) 



is an equilibrium phenomenon. At nonzero resistance 
Ri > 0, the persistent current can be observed due to 
thermal fluctuations [8], which switch the ring between 
superconducting states with different connectivity of the 
wave function. 

At T < Tc, where i?; = in equilibrium state, these 
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phenomena are observed at an external current exceed- 
ing the critical superconducting current Ic{T). In the 
case of Little-Parks oscillation, this corresponds to the 
shift of the resistive transition Tdlext) by direct mea- 
suring current Text IZi]- Quantum oscillations Vdc{^/^o) 
of the dc voltage are induced dX T < Tc by alternating 
current or uncontrollable electrical noise [l|, Q . The 
results of the measurements |3j] on asymmetric aluminium 
rings showed that quantum oscillations Vdc(*I>/$o) of the 
dc voltage at T < are induced by the external al- 
ternating current, e.g., /g^jj — lQsin{2'n ft), when its 
amplitude /q exceeds the critical value /qc close to the 
critical current Ic{T). It was shown that the result is 
independent of the alternating current frequency / in 
the studied frequency range / = 100 Hz 1 MHz, 
and the amplitude Va of Vdc{^ / ^o) quantum oscillation 
non-monotonically depends on the current amplitude /q 
3. As the Vdc(^/^o) amplitude reaches the maximum 
Va = yA,max at /q = lo.maxi it dccreases as the external 
current amplitude Iq further increases (see Figs. 11 and 
12). 

This result can be explained in two consistent ways. 
One explanation proceeds from the relation Vdc{^/^a) = 
Raslpi^/^a) obtained above by the analogy between 
persistent and ordinary currents. The non-monotonic 
dependence of the amplitude Va of quantum oscillations 
Vdci^/^o) on the external current amplitude /q can be 
explained as a result of the superconducting transition 
shift by the current lext- The potential difference is 
nonzero, Vdd'^/^o) ^ at Ras ^ and ip($/$o) 7^ 0. 
Above the superconducting transition temperature, the 
resistance is nonzero, Ras 7^ 0, but the persistent current 
is zero, /p($/$o) = 0; while /p($/$o) 7^ 0, but R^s = 
below the superconducting transition. At small current 
amplitude Iq, the shift of the superconducting transi- 
tion temperature Tc{Iext) does not reach the temperature 
T < Tc at which measurements are performed, there- 
fore Vdc(3'/$o) = 0. Quantum oscillations Vdc($/<i>o) 
become observable, when /q lowers the superconducting 
transition temperature to the measurement temperature 
Tc{Io) ~ T < Tc(0). In this case, they initially become 
observable under strong magnetic fields which promote 
the superconducting transition shift to low temperatures 
(see Fig. 11). The amplitude Va reaches a maximum at 
Iq corresponding to the current which shifts the transi- 
tion by T — Tc{0) and decreases as Iq further increases 
due to the persistent current disappearance into a normal 
state. 

The second explanation proposed in [sl interprets 
quantum oscillations Vdci^/^o) as a result of rectifica- 
tion of the external alternating current due to the asym- 
metry of current-voltage characteristic (CVCs) of the 
asymmetric ring. Such a ring with the geometry used 
in both [H and this study is shown in Fig. 1. To explain 
the observed oscillations Vdc{^ / ^q) , the CVC asymmetry 
sign and magnitude should be periodic functions of the 
magnetic field. Such periodic variations in the asymme- 
try are explained in [3| as a result of the superposition 



of external Ig^t and persistent /p(<I>/$o) currents. Ac- 
cording to this explanation, the persistent current in a 
ring with unequal cross sections of halves (see Fig.l) can 
be found as a quantity proportional to the difference of 
critical currents measured in opposite directions. 

The goal of this study is to test the model explaining 
quantum oscillations Vdd^/^o) as a result of alternat- 
ing current rectification and to study in detail the cor- 
relation of the CVC behaviour and asymmetry with the 
rectification efficiency in structures with different geome- 
tries. The temperature dependencies of the maximum 
amplitude VA,max of quantum oscillations, the amplitude 
Io,max of the current lext at which oscillations are ob- 
served, and the critical amplitude /qc of the lext current 
were studied in detail. The dependencies of the persistent 
current as a quantity proportional to the critical current 
anisotropy on the magnetic field and temperature were 
obtained. 

To solve the posed problem, first of all, CVCs of 
the systems under consideration were measured at var- 
ious temperatures. The results of these measurements 
are given in Section 3.1. The magnetic dependencies 
/c+($/$o) and /c-(<&/$o) of the critical current mea- 
sured in opposite directions of the external current lext 
are presented in Section 3.2. In Section 3.3, it is shown 
that the voltage Vdc{^/^o) is a result of alternating 
current rectification on asymmetric rings whose CVC 
asymmetry varies periodically in a magnetic field due 
to periodic variations of the anisotropy of critical cur- 
rent Ie+{^/^o) and /c_(<i>/$o)- It is emphasized that 
the rectification mechanism near Tc where CVCs are re- 
versible, i.e., no hysteresis is observed, can differ from 
that at lower temperatures where a significant CVC hys- 
teresis is observed. The measured temperature depen- 
dencies of the maximum amplitude VA,max of quantum 
oscillations Vdc{^/^o)i the amplitude Io,max of the cur- 
rent inducing these oscillations, and the rectification effi- 
ciency defined as the ratio of these parameters are given 
in Section 3.4. The observed amplitude of oscillations of 
the critical current and its anisotropy are compared with 
the expected amplitude of persistent current oscillations 
in Section 3.5. The qualitative differences of observed 
critical current oscillations from the expected ones are 
considered in Section 3.6. In the Conclusions, we note 
that the results obtained allow us to explain the previ- 
ously observed phenomena; however, pose new problems 
requiring further study. 



2. EXPERIMENTAL DETAILS 

The study was conducted in the temperature range 
T = 1.19-^ 1.3 K on aluminum film nanostructures with 
the superconducting transition temperature Te ~ 1.23 
1.27 K, the resistance per square of ~ 0.5 f2 at 4.2 K, and 
the resistance ratio R{300K)/ R{4:.2K) sa 3. The diame- 
ter of all rings was 2r = 4 /im, the widths of ring halves 1^ 
and In were Ww = 0.4 and Wn = 0.2 fj,m, respectively 
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(sec Fig. 1), the thickness was d = 40 50 nm; the cross 
sections were, respectively, s^^ = Wj„d w 0.016-^0.02 /xm^ 
and Sn = Wnd ~ 0.008 0.01 /im?. Tlie measurements 
were performed on four samples. The first two repre- 
sented a system of 20 rings connected in series with 
current contacts of width Wcon = 0.4 fj,m (in this ge- 
ometry, the signal was picked up from 18 rings) and 
Wcon = 1 l^m between them. The second pair consisted 
of single rings; in this case, the width of current contacts 
was Wcon = 0.6 /Ltm and Wcon = 0.7 fxm. The microstruc- 
tures were fabricated on Si substrates using a JEOL-840A 
scanning electron microscope transformed into a labora- 
tory electron lithograph using the NANOMAKER soft- 
ware package. 

Measurements were performed by the four-probe 
method in a glass helium cryostat using ffe^ as a coolant 
whose pumping allowed a temperature decrease down to 
1.19 K. Direct, sawtooth, or sinusoidal current from 
a Keithley 6221 precision source was applied to current 
contacts. The direct current was used to measure the de- 
pendences of the sample resistance on the magnetic field 
R{B) (Little-Parks oscillations) and temperatures R{T). 
The sawtooth current was used to record CVCs and the 
dependencies of the critical current on the temperature 
Ic{T) and magnetic field Ic{B). The sinusoidal current, 
along with the sawtooth current, was used to study the 
rectification efi'ect and to measure the dependencies of 
the rectified voltage on the magnetic field Vdc{B). The 
voltage was measured on potential contacts by an in- 
strumental amplifier with a gain of 1000 and a noise 
level (reduced to the input) of 20 nV in a frequency 




FIG. 1: Micrograph of the structure used in measurements. 
The width of ring halves is Wm = 0.4 nm and Ws = 0.2 nm; 
the width of contacts supplying the external current IS 'Wcon — 
0.4 /um. 



band from zero to 1 Hz. Then the signal was amplified 
by an SR560 (Stanford Research Systems) preamplifier 
used for additional amplification and the formation of a 
required signal band by low- and highfrequency filters. 
The temperature was measured using a calibrated ther- 
mistor (R{300K) = 1.5 kft) with a measuring current 
of 0.1 iiA. The amplified voltage from the sample and 
the signals proportional to the sample current, magnetic 
field, and temperature were simultaneously digitized by 
a 16-bit ADC with eight differential inputs. 

The magnetic field B perpendicular to the sample 
plane was induced by a copper solenoid placed outside 
the cryostat. The dependences of the measured values 
on the solenoid current I sol were recorded. The mag- 
netic field induced by the solenoid current was deter- 
mined by the calibration Bg^i = ksoil^oi performed us- 
ing a Hall sensor probe, kgoi = 129 G/A. The period 
Bo = ^o/S = 1.4 1.6 G of all periodic dependences 
R{B), Vdc{B), and Ic{B) corresponded to the ring area 
S = 7rr^ — 14.8-^13.0 /im^ used in measurements, where 
r = 2.2 ^ 2.0 /xm is the quantity close to the inner radius 
of a given ring. To reduce the geomagnetic field, the cryo- 
stat region with a sample was shielded by a Permalloy 
cylinder. The residual magnetic field was B^es ~ 0.15 G, 
i.e., about one-tenth of the period Bq. Due to partial 
shielding, the resistance minimum R(Bsoi) and the zero 
value of the rectified voltage Vdc{Bsoi) were observed at 
Bsol = —Bres ~ —0.15 G. In this paper, we present 
all the measured dependences as functions of the mag- 
netic flux inside the ring, (f) = SB = S{Bsoi + Bres), 
induced by external fields Bsoi + Bres- The exact value 
of the area S was chosen from the condition of the equal- 
ity of the period of oscillations R{^), Vdd^), and /c(<&) 
to the; magnetic flux quantum $0- The exact value of the 
residual magnetic field Bres was chosen from the condi- 
tion of i?(<I>) minimum at $ = 0, Vdd^) = at $ = 0, 
and the condition /c_(<l>) = /c+(— $). In all cases, the 
value of Bres is about the same. When plotting the de- 
pendencies R{^), Vdc{^), and Ic{^), the magnetic flux 
= ^lext + ^ip induced by the external lext and persis- 
tent Ip currents was neglected. We used the approxima- 
tion $ = <^ext + ~ ^ext = S{Bsol + Bres), sinCC the 

flux induced by the external $/ext and persistent $/p 
currents does not exceed a few hundredths of the flux 
quantum in the studied temperature range at the induc- 
tance L « 2 10~^^ H of rings used in this study and 
their low critical and persistent currents. This problem 
is considered in more detail in Section 3.6. 

The dependences R{B), Vdc{B), and Ic{B) were 
recorded during sawtooth temporal variations of the 
solenoid current Isoi{t) with a frequency of 0.01-^0.1 Hz. 
The amplitude of magnetic field variations did not exceed 
100 G. Little-Parks oscillations were recorded using the 
direct current lext — 0.1 2 fiA. The dependencies of 
the rectified voltage Vdc(^) were measured using the si- 
nusoidal or sawtooth current Iext{t) with an amplitude 
up to 50 IJ.A and a frequency of 0.5-^5 kHz. The width of 
the rectified voltage spectrum caused by magnetic field 
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variations did not exceed 1 Hz; therefore, the rectified 
voltage was amplified in a frequency band from zero to 
10-^30 Hz. On the one hand, this did not result in signal 
shape distortions; on the other hand, this prevented ac 
voltage appearance at the amplifier output. 

The dependences of the critical current on the mag- 
netic field, Ic+{B) and Ic-{B)), were measured from 
CVCs periodically (10 Hz) repeated in a slowly vary- 
ing magnetic field 0.01 Hz) by the following algo- 
rithm: (i) the condition of the structure existence in 
the superconducting state was tested and then (ii), as 
the threshold voltage (set above interferences and noises 
of the measuring system and controlling the minimum 
measurable critical current) was exceeded, the magnetic 
field and critical current were determined with a delay of 

30 /is. Thus, the critical was sequentially measured in 
positive Ic+ and negative Ic- directions of the measuring 
current Igxt- The measurement of a single dependence 
Ic+{B), Ic-{B) containing 1000 points took « 100 s. 

3. RESULTS AND DISCUSSION 

To test the hypothesis about observation of quantum 
oscillations of the direct voltage Vdc($/'&o) as a result of 
alternating current rectification, CVCs and the depen- 
dence of their anisotropy on the magnetic field should be 
studied for the structures under consideration. 



3.1. Current- Voltage Characteristics 

Measurements showed three CVC types which should 
be distinguished to describe the rectification process. We 
attribute smooth reversible CVCs to the first type (Figs. 
2-4). This type is observed for all structures near the 
superconducting transition: in the measurements on 18 
rings with Wcon = 0.4 fim at T > 0.993 Tc (Fig. 2), 
on 20 rings with Wcon = 1 ^J■m at T > 0.985 Tc (Fig. 
3), and on single rings at T > 0.997 Tc (Fig. 4). The 
second and third types include CVCs (measured in the 
current source mode) with hysteresis (Figs. 2-4). The 
third type is characterized by a sharp transition of the 
entire structure to the resistive state (Figs. 2, 4). In 
contrast to this, in the second- type CVC, this transition 
is observed in a certain range of the current lext (Figs. 2, 
3) . The second-type CVCs were observed for the 20- ring 
system in an intermediate temperature range, 0.993 Tc > 
T > 0.985 Tc, on a system with Wcon = 0.4 /im (Fig. 2), 
and in the entire range below T < 0.985 Tc on a system 
with Wcon — 1 fJ-'m- (Fig. 3). In the measurements on a 
single ring, no second-type CVCs were observed (Fig. 4). 
The third- type CVCs are observed at low temperatures, 
T < 0.985 Tc, in the measurements on 18 rings with 
Wcon = 0.4 fim and T < 0.995 Tc on a single ring. 

The difference of the 20-ring structure with Wcon — 
1 from the structure with Wcon = 0.4 nm is the ab- 
sence of the third-type CVCs down to the lowest temper- 



atures at which the measurements were performed (Fig. 
3). In contrast to this, CVCs of single rings belong to 
the third type in almost the entire temperature range up 
to T = 0.995 Tc (Fig. 4). In this case, a sharp change in 
the resistance is observed not only during the transition 
of the single ring to the resistive state, but also during 
the reverse transition from the resistive to the supercon- 
ducting state (Fig. 4), which is a distinctive feature of 
single rings in comparison with a ring system (see Figs. 
2 and 3). The difference is also observed in the shape of 
resistive transitions: the lower part of the resistive tran- 
sition of the single ring is narrower than that of the ring 
system (see Fig. 15). We relate these qualitative differ- 
ences between resistive characteristics of the single ring 
and a long chain of rings to the proximity effect of wide 
superconducting areas arranged at a distance of several 
/iTO from the single ring. The proximity effect on resis- 
tive characteristics of aluminum structures appears in an 
anomalous increase in the resistance before the supercon- 
ducting transition (see Fig. 15). Such an anomaly was 
observed by many authors Q in measurements on alu- 
minum structures with sizes comparable to the correla- 
tion length ^(T). This anomaly, as well as others 9], has 
not yet been reasonably explained and requires further 
study. In this paper, the features of resistive characteris- 
tics of aluminum structures, including the anomaly, are 
considered only for better understanding of alternating 
current rectification resulting in Vdd^/^o)- 

The third- type CVCs (curves in Figs. 2 and 4) are typ- 
ical of superconducting nanostructures with close critical 
currents of their elements, when the transition to the re- 
sistive state occurs due to exceeding the depairing current 
density [3|, 

. HcjT) Hcio) r 

3V6Al(T) 3V6Ai(0)^ 

For aluminum with the thermodynamic critical field ex- 
trapolated to the zero temperature, Hc{0) — 105 Oe, the 
London penetration depth Al(0) = 50 nm, and the de- 
pairing current density is estimated as jc = jc(0)(l — 
T/Tc)^^^ « 9 10^ A/cm'^{l - T/Tc)^/"^. The experimen- 
tal temperature dependences of the critical current in the 
studied range T = 0.965 0.995 Tc can be described as 
Ic{T) = /c(0)(l - TjTcfl'^, where /c(0) « 1.4 mA for 
an 18-ring system with Wcon — 0.4 /im (the minimum 
cross section is Scon ~ 0.016 nm'^), ^c(O) « 3 mA for the 
20-ring system with Wcon — 1 ^J■'m■ (the minimum cross 
section is s^, -f s„ w 0.03 ^im?), -^c(O) ~ 5.5 mA and 
Ic{Q) ~ 4.3 mA for single rings with Wcon = 0.7 ^m 
and Wcon = 0.6 /xm, respectively. The critical cur- 
rent density (jc(0) ~ 9 10^ A/mi^ for the 18-ring sys- 
tem and jc{0) ~ 10^ A/cm"^ for the 20-ring system) is 
close to theoretical values. The critical current density 
of single rings (jc(0) ~ 2.3 10^ A/cm'^ for a ring with 
Wcon = 0.7 iim and jc(0) ~ 1.8 10^ A/cm^ for a ring 
with Wcon = 0.6 fj,m) is somewhat higher. The increased 
critical current in single-ring structures can be caused by 
the effect of wide superconducting banks due to a rela- 
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-500 ^ 

-23 2J5 

FIG. 2: CVC of the system of 18 asymmetric rings con- 
nected in series with Wcon = 0.4 fim at temperatures (1) 
T f» 1.261 K « O.ggSTc, (2) r ^ 1.252 K ^ O.gSSTc, and 
(3) T ^ 1.247 K « 0.984rc. 




FIG. 3: CVC of the systems of 20 asymmetric rings connected 
in series with Wcon = 1 urn at temperatures (1) T > Tc, (2) 
T ^ 1.222 K « O.gSSTc, and (3) T ^ 1.199 K ^ 0.969Tc. 



lively short length of the structure with a minimum cross 
section of ~ 0.024 /im^ in comparison with the correla- 
tion length ^(T). 

The sharp transition to the resistive state of the whole 
structure at once and the significant CVC hysteresis are 
caused by the nonmonotonic dependence of the super- 
conducting current density js = 2ensVs on the super- 
conducting pair velocity Vg comparable to the depairing 
velocity Vsc = ^^/^^/^^{T) [4]. The transition to the 
normal state, = 0, as the critical velocity Vg = v^c 
of superconducting pairs is reached by any structure re- 
gion, results in a decrease in the pair density Us in neigh- 
boring regions at distances of the order of the correla- 
tion length ^(T), hence, in an increase in the pair ve- 
locity at a given current lext = Is = sjs — s2ensVs. 
An increase in the velocity above the critical value re- 
sults in the transition of these neighboring regions to the 




1.^ 

FIG. 4: CVC of the single asymmetric ring with Wcon = 
0.7 fim at temperatures (1) T fa 1.243 K « 0.999Tc, (2) 
T fa 1.241 K « 0.997rc, and (3) T f» 1.239 K k: 0.995Tc. 



normal state, if their cross section area slightly exceeds 
the least cross section area. Therefore, when the cur- 
rent density reaches the depairing current density in one 
of segments, the whole structure transits to the resis- 
tive state, even a long 18-ring system connected in series 
with a full length of 176 fj,m (see Fig. 2). The proxim- 
ity effect on the pair velocity in neighboring regions of 
the structure should weaken as the cross section of iso- 
lated regions increases and the equilibrium pair density 
decreases. Therefore, the third-type CVCs are not ob- 
served in the 20-ring structure with Wcon = 1 (Fig. 
3); in the 18-ring system with Wcon = 0.4 /im, the tran- 
sition from the third to the second CVC type as is 
approached is observed (Fig. 2). The hysteresis is ob- 
served because of the appearance of the nonzero density 
ris of superconducting pairs at a given current lext can be 
stable only if Us > lext/ s2evsc- Otherwise, pairs should 
be accelerated in an electric field to the depairing velocity 
and disappear. The formation of the high pair density 
on sufficiently large length scales has a low probability; 
therefore, the return to the superconducting state occurs 
at lower lext than the transition to the resistive state 
(Figs. 2-4). The CVC hysteresis is observed if a change 
in the superconducting pair density due to fluctuations 
does not exceed rig = lext/ s2evsc- This takes place at 
low temperatures, when the equilibrium pair density is 
significant and the kinetic energy of pairs, 

_ XliTKiT) 

i^kin - 7. MO-fc (J j 

IS 

corresponding to the depairing current /c, is much higher 
than the thermal fluctuation energy fcsT in a volume 
equal to the product of the superconductor cross section 
s and the correlation length ^(T). Near T^, the kinetic 
energy corresponding to the depairing current /c oc (1 — 
T/Tc)^/^ becomes comparable to the thermal fluctuation 
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energy, 

_ A|(T)^(T) r2/"T^^ ~ ^ 

■C/fcrn = ;^ Mo-'c {J-) ^ Kb-L 

Zs 

Using the values Al(0) ~ 50 nm, ^(0) = 170 nm, s = 
0.016/xm2, 7c(r) = /c(0)(l - T/Tcf/'^ = 1.4 x (1 - 
T/Tcf/^, we find that 

at T « 0.993 Tg; this corresponds to the temperature at 
which the CVC hysteresis of the 18-ring system (Fig. 2) 
disappears. 

3.2. Magnetic-Field Dependence of Critical 
Currents Ic+ and Ic- 

Our measurements showed that the CVC portion with 
hysteresis, corresponding to the current decrease, can- 
not be the cause of the CVC asymmetry and periodic 
variation with the magnetic field. This portion is charac- 
terized by the absence of systematic asymmetry with re- 
spect to zero and appreciable variation with the magnetic 
field. In particular, the current Ic^s at which the return 
to the superconducting state occurs is independent of 
both the measuring current direction and magnetic field. 
In contrast to this, the critical current corresponding to 
the transition to the resistive state depends on both the 
measuring current direction and magnetic field value. We 
denote these quantities measured at opposite lext direc- 
tions as Ic+ and Ic- (Figs. 2 and 3). For the third type 
of CVC, Ic+ and Ic- correspond to a sharp transition 
of the whole system to the resistive state (Fig. 2); for 
the second type of CVC, Ic+ and Ic- correspond to the 
transition onset (Fig. 3). The technique for constructing 
the dependences of these quantities on the magnetic field 
Ic+{B) and Ic-{B) is described in Section 2. 

Measurements performed at various temperatures on 
both single rings and systems of rings showed peri- 
odic dependences of the critical current Ic+{B) and 
Ic-{B) on the magnetic field. In all cases, the period 
Bq — 1.4 1.6 G corresponded to the flux quantum 
BqS = $0 ~ 20.7 G^rn? inside a ring with an area of 
S = 14.8 -7- 13.0 /Ltm^. Since simultaneous changes in 
the magnetic field B and external current lext directions 
are equivalent to a system rotation by 180, which should 
not cause changes in the measured values, the equality 
Ic+{B) = Ic{—B) should be satisfied for all values of B, 
where B = B^oi + Bres {Bsoi = ksoihoi) is the mag- 
netic field induced by the copper solenoid, which was 
measured by the current Igoi and the residual magnetic 
field Bres- For the measured dependences, the equal- 
ity Ie+{B) = Ic{—B) was satisfied at Bres ~ 0.15 G, 
which corresponded to the residual field obtained from 
other measurements. All figures show the dependences 
of the critical current and other quantities on $/$o = 

S{Bsol + Bres)/^0- 




FIG. 5: Dependencies of critical currents on the magnetic 
field, 7c+(<l?/<I>o) and Ic-{^/^i.)), measured on the system of 
18 asymmetric rings at temperatures (1) T ~ 1.234 K w 
0.9721;, (2) T « 1.238 K « 0.975Tc, (3) T w 1.241 K « 
0.977Tc, (4) T w 1.245 K « 0.981Tc, and (5) T = 1.250 K w 
0.985Tc. 




FIG. 6: Critical current oscillations 7c+($/$o) and 
/c-($/3>o) in a magnetic field, measured (1) on the system of 
18 rings with Wcon = 0.4 fj,m at T ^ 1.245 K w 0.981Tc; (2) 
on the 20- ring system with Wcon = 1 at T 1.209 K w 
0.984Tc; and (3) on the single ring with Wcon = 0.6 nm at 
T « 1.222 K w 0.991Tc. 



The noise level allowed us to reliably observe the peri- 
odic dependences /c+($/$o) and Ic-{^/^o) at a critical 
current level exceeding 3 iiA (Fig. 5). Near Tc, where 
the first type of CVCs are observed, the dependencies 
/c+($/$o) and /c-($/$o) were not studied because of 
the small critical current ic < 3 fj,A. At the same time, 
the constraint on the minimum temperature of about 1.19 
K (which could be achieve on the setup used) did not al- 
low us to observe oscillations at a critical current larger 
than 30 fxA. In addition to the periodic dependence, a 
monotonic decrease in the critical current with the mag- 
netic field is observed (Fig. 6). Despite this, more than 
25 oscillation periods were observed (Fig. 6). Measure- 
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ments performed on systeras of 20 rings connected in se- 
ries with a current contact width Wcon — 0.4 fim and 
Wcon = 1 ^J■n^■ and on single rings with Wcon = 0.6 /im 
and Wcon — 0.7 fim showed that there is no quahta- 
tive difference between the dependencies Ic+{^/^o) and 
/c-(<i>/$o) obtained on the ring system and the single 
ring (Fig. 6). At the same time, a certain effect of 
the current contact width Wcon is observed. The criti- 
cal current decreases with increasing magnetic field to a 
greater extent in a structure with wider current contacts 
(Fig. 6). We recall here that other parameters, i.e., the 
width of ring halves w^, = 0.4 /xm, Wn = 0.2 fim, and 
the ring diameter 2r = 4 fim, were identical in all struc- 
tures. We should emphasize the qualitative difference be- 
tween the dependences /c+($/$o) and /c-(<i>/$o) mea- 
sured on structures with current contact widths smaller 
and larger than (or equal to) the total width of ring 
halves, Wcon = 0.4 < Ww + Wn — 0.6 /im and 
Wcon = 1,0.7,0.6 fj,m > + Wn — 0.6 /iTO (Fig. 6). 
In the former case, there are minima and plateaus in the 
dependencies /c+(<I>/$o) and ^-(^/^o) (Figs. 5 and 6); 
in the latter case, there are minima and maxima (Figs. 
6 and 9). 

The critical current anisotropy 

/c,a„(*/$0) - /c+($/$0) - /c-(*/$0) 

is a periodic sign-alternating function of the magnetic 
field (Fig. 7). In all cases studied, this dependence crosses 
the zero value at <I> = n$o and $ (n + 0.5)$o (Fig. 7). 
We detected that the dependences of the critical current, 
measured in opposite directions, are similar or almost 
similar, i.e., coinciding, /c-(<I'/<i>o) ~ Ic+{^/^o + A0), 
when one of the dependencies is shifted along the mag- 
netic field axis by = A<I>/<I>o < 0.5 (Fig. 8). The 
critical current anisotropy 

/c,a„(*/$0) = /c+(*/$0) - /c+(*/$0 + A0) 

and all associated effects are due to this shift. The pe- 
riodicity of the dependencies /c+(<i>/$o) and /c_($/$o) 
and a large number of periods, which can be observed, 
allow sufficiently accurate determination of Ai/) by su- 
perposing the measured dependencies /c-(<I>/$o) and 
/c+(<I'/$o+A0). Since these dependences were measured 
simultaneously, i.e., Ic+ and Ic- were measured sequen- 
tially for each value of $/$o, the uncertainty in the ^/^o 
magnitude cannot affect the determination accuracy of 
the relative shift A0. Therefore, a A0$o determination 
accuracy of up to 0.02$o can be guaranteed. 

The dependences Ic+{^/^o) and Ic-{^l^o) measured 
at various temperatures are similar (see Figs. 5 and 18), 
and the shift is independent of temperature. The shift 
of the dependencies measured on single rings is equal to 
half the flux quantum, Ai/) = 0.50 ± 0.02 for a ring with 
Wcon = 0.6 /im and lS.(f> — 0.48 ± 0.05 for a ring with 
Wcon = 0.7 ^m. A smaller shift is observed for the de- 
pendencies measured on 20-ring systems. We now cannot 
argue with certainty that there is a principal difference 



between specifically the single ring and ring system. On 
the system with Wcon — 1 ^J■n^■ > w^ + Wn — 0.6 ^m, for 
which the dependencies Ic+{^/^o) and /c-(<i>/$o) qual- 
itatively does not differ from the dependencies obtained 
for single rings, we performed only a single measurement 
which yielded Acf) — 0.30 ± 0.02. On the system with 
Wcon = 0.4 fim, we carried out detailed measurements 
at various temperatures (Figs. 5 and 8), which showed 
A0 — 0.36 ± 0.02. However, in this case, it is impossi- 
ble with certainty to call this the cause in the difference 
in the shift from Aip = 0.50; i.e., is it associated with 
the number of rings or with the qualitative difference of 
the dependencies Ic+{^/^o) and /c_(<I'/$o) measured on 
structures with Wcon < w^ + Wn and Wcon > -I- Wn 
(Fig. 6). 

It is clear that the observed periodicity of the depen- 
dencies /c+($/$o) and /c_($/$o) of the critical current 
on the magnetic field is associated with quantization of 
the velocity of superconducting pairs in the ring (see 
(1)). As the ring returns to the superconducting state, 
the quantum number n defining the momentum circula- 
tion of superconducting pairs takes an integer value. The 
quantity n — $/$o nonzero at $ 7^ ri<I>o defines the re- 
lation between the velocities Vsn and Vsw in ring halves 
according to (1). According to this relation, 

^n'^sn ^w^sw — ^•^H'^sn '^sw^ — (^ "T ) 

at the measuring current 

the velocities should be equal: in the narrow ring half 
and 

lext 2ft s^, , $ , 

= 7; 7 ; 7 H ; (" - -zr) 

2ens(Sn + Sw) mr Sn + <Po 

in the wide ring half, 

lext 2h Sn . , 

Vsw = -z 7 ■ T ■ [n - — ) 

2ens[Sn + Sw) mr Sn + Sw 4'o 

The measured critical currents given in Section 3.1 sug- 
gest that these values correspond to the depairing veloc- 
ities Vsc, which would be expected for a narrow super- 
conducting channel Therefore, the critical current 
Ic+{^/^o), Ic-{^/^o) should correspond to the measur- 
ing current \Iext\ at which the superconducting pair ve- 
locity reaches the depairing velocity in one of structural 
elements. If the velocity reaches a critical value in the 
narrow ring half, \vsn\ = Vsc , 



Ic+Jc- = IcO - 2Ip,A\n- — 1(1 H 

$0 Sr, 

if this occurs in the wide half, \vsw\ ~ ^^sc > 



(2a) 



Ic+,Ic-^IcO-2Ip,A\n~ -^1(1 + —) (26) 

9o Sw 




FIG. 7: Critical current anisotropy oscillations Ic,an{^/^o) 
measured (1) on the system of 18 rings with Wcon ~ 0.4 fim 
at T « 1.247 K ^ 0.982rc and (2) on the single ring with 
w^or, = 0.6 Atm at T 1.221 K 0.99m. 



where Ico = 2ens(s„ + Su,)i'sc is the critical current at 
<i>/<i>o = n; Ip^A = 2ens{h/mr)snSw/{sn + Syj) is the 
value corresponding to the persistent current amplitude 
as rt — ^/^Q varies between -0.5 and 0.5. According to 
the geometry shown in Fig. 1 , expression (2a) is applica- 
ble for Ic.+ at positive n — $/$o and for Ic- at negative 
values; this is vice versa for expression (2b). Relations 
(2) were obtained on then basis of the conventional de- 
scription of the superconducting state as a macroscopic 
quantum phenomenon in the approximation of small 
width and cross section of ring halves, WmWyj <^ 2r; 
Sn,Sw < (r) . We proceeded from velocity quantiza- 
tion expression (1) which follows from the Bohr quanti- 
zation of the momentum circulation of superconducting 
pairs 



dip = (pdl {raVs + 2eA) — m 



dlv + 2e(f> = n2Tih 



Expressions (2) can also be derived from the Ginzburg- 
Landau theory, starting from the expression for the su- 
perconducting current density js = {2e/m)ns{h \/ ip — 
2eA) i, where ip is the wavefunction phase and A is the 
vector potential. 

Let us consider those aspects of the measured depen- 
dencies /c+(<&/$o) and /c-(<&/$o) obtained according to 
the generally accepted concepts on the superconducting 
state, which are consistent and inconsistent with rela- 
tions (2). The first and main consistency is the periodic- 
ity of expected (2) and observed dependencies /c+($/$o) 
and /c-($/$o)- Since the energy difference between al- 
lowed levels defined by the quantum number n is large 
(much larger than the thermal fluctuation energy ksT), 
the lowest level, i.e., the level with the smallest value of 
[n — ^Z'&o)^! has an overwhelming probability. There- 
fore, the equilibrium quantity |n — "I>/$o| in expressions 
(2) is a periodic function of the magnetic field $ = SB 
with period $0- Therefore, the periodic dependencies 
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FIG. 8: Relative shift of oscillations /c+($/"l>o) and 
/c-(<l?/"l?o) along the "I>/$o axis, measured at opposite direc- 
tions of the measuring current (1) on the 20-ring system with 
Wcon = 1 Aim at T 1.209 K « 0.984Tc and (2) on the 18-ring 
system with Wco„ = 0.4 ^im at T « 1.241 K ^ 0.978rc. 



/c+($/$o) and Ic-{^/^o) (Figs. 5 and 6) are observed. 

The second consistency is the qualitative difference 
between the dependencies /c+($/$o) and /c-($/$o) 
measured on structures with Wcon < Ww + Wn and 
Wcon > Ww + Wn (Figs. 5 and 6). In the structure with 

cross section Scon = Wcond > Sn + SjL) — (Ww + Wn)d, 

when Iext/{.Sn + Sw) > lext/scon, the Current density 
js.con — lext I Scon in current contacts cannot exceed 
the current density simultaneously in both halves, since 
iext = Snin + Sujjw In this casc, the velocity reaches 
a critical value initially in one of them; then, one of 
expressions (2) is valid. In contrast to this case, in 
the structure with Scon < Sn + Su,, the critical ve- 
locity can be reached initially in current contacts at 
\Iext\ = 2ensSconVsc < IcO = 2ens(s„ + Sw)vsc. This 
quantity is independent of |n— ^/^ol; therefore, the mea- 
sured critical current should not depend on the magnetic 
field, when \Iext\ = 2enaSconVsc is smaller than the crit- 
ical current (2) controlled by the velocity in one of ring 
halves. This corresponds to the existence of the plateau 
with Ic+ = Ic- = Ic,pi = 2ensSconVsc in the dependen- 
cies Ic+{^/^o) and /c-($/4>o) measured on the struc- 
ture with Wcon = 0.4 /im < Ww + Wn = 0.6 /im (Figs. 5 
and 6) and the absence of plateau for the structures with 
Wcon — 1; 0.7; 0.6 /im > Ww + w„ = 0.6 fim (Fig. 6). 

A decrease in the critical current with increasing mag- 
netic field (Fig. 6) is also consistent with commonly ac- 
cepted concepts. This is associated with a decrease in 
the superconducting pair density Hs in finite- width strips 
The observed decrease not only in Ic+{^/^o) and 
Ic- {^/^o), but also in their oscillation amplitude at large 
<I>/<I>o (Fig. 6) is consistent with (2), since not only the 
critical Ico current, but also the persistent Ip,A current 
depend on the pair density Ug. The effect of the current 
contact width Wcon on decreases in Ico at large ^/^o in 
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structures with Wcon > Ww + Wn (Fig. 6) is a manifes- 
tation of the proximity effect: stronger suppression of 
Us in wider current contacts results in rig suppression in 
rings through the proximity effect. The results of our 
measurements suggest that the proximity effect appears 
at distances of several micrometers. In a structure with 
contact areas wider than 4 fj,m arranged at a distance of 
2 /zm from the ring, the superconductivity is suppressed 
even in weak fields and no more than five oscillation pe- 
riods can be observed. More than 25 periods of critical 
current oscillations can be observed on such a structure, 
but with areas spaced from the ring at a distance longer 
than 10 fim (Fig. 6). 

The fourth consistency is the periodic sign-alternating 
dependence of the critical current anisotropy on the 
magnetic field. According to (2), for structures with 
Wcon > Ww + Wn , the anisotropy is given by 

Ic,an = Ic+ - Ic- = '2.Ip,A{n - ^){— - —) (2c) 

Sn Sni 

The sign of the anisotropy is positive at positive n — 
<i>/$Oj according to the geometry shown in Fig. f. As 
positive, we take the direction from right to left for I^xt 
and clockwise for the persistent current, 

Ip = Ip^A^in - $/$o) 

The amplitude I a, an of observed anisotropy oscillations 
4,an(T,$/$o) = /A,a«(T)/a„($/$o) linearly increases 
as it recedes from Tc, lA,an{T) oc I — T/Tc, according to 

r r\ ^n^w ^ / A ^ \ 

Ip,A = "s2e — cx cx (1 - — ) 

^n ~r TTIT 1 ^ 

The value of I a. an is close to the expected value of 
(sw/sn — Sn/ Sw)Ip,A (sce Section 3.5 for more detail). 

Having regard for such important consistencies, the 
measured dependencies Ic+{^/^q) and Ic-{^/^q) dif- 
fer essentially from the expected dependences (2). On 
account of the importance of these inconsistencies, we 
consider them in separate Section 3.6. A certain para- 
dox is that, despite these fundamental differences, both 
expected (2c) and observed (Fig. 7), critical current 
anisotropy oscillations Ic,an{^/^o) explain the rectified 
voltage oscillations Vdd^/^n) observed in Q. In the Sec- 
tion 3.3, we shall consider the consistency between mea- 
sured oscillations/c+($/$o), Ic-{^/^o) and Vdc(*/*o)- 
In Section 3.4, we present the measured temperature de- 
pendencies of quantities characterizing the rectification 
efficiency. It should be emphasized that these depen- 
dencies are consistent with the observed critical current 
oscillations with temperature. To more emphasize the 
strangeness of the inconsistency between expected and 
observed oscillations /c+($/<&o), Ic-{^/^o), we show in 
Section 3.5 that the observed values and temperature de- 
pendencies of the amplitude Ic,an{^ / ^o) are consistent 
with expected dependencies of persistent current. 



3.3. Quantum Oscillations of ac Voltage as a Result 
of Alternating Current Rectification 

The observed asymmetry of the critical current and its 
periodic dependence on the magnetic flux, Ic,ani^ / ^o) = 
/c+($/$o) - Ic-{^/^o), allow us to explain the rectifi- 
cation effect and the dependence Vdd^/^o) of the rec- 
tified voltage on the magnetic flux. A comparison of 
the dependencies Ic+{^/^o) and Ic~{^/^o) with de- 
pendences Vdci^/^o) caused by both the sinusoidal, 
Iext{t) = Iosin(2Trft), and sawtooth currents showed 
that |Vdc|(*I'/*I'o) maxima are close to /c+(<&/<&o) and 
Ic^{^/^o) minima in all cases (Fig. 9). The position of 
|^dc|($/*I'o) maxima shifts from the values closer to inte- 
ger flux quanta, $ = (nH-0.I4)$o and $ = (n-f 0.86)$o, 
at small alternating current amplitudes to the values 
<& = (n + 0.25)4>o and <i> = (n + 0.75)<i>o correspond- 
ing to the midpoint between the flux quantum and half 
the quantum at large amplitudes lext- Good similar- 
ity is observed between quantum oscillations of the dc 
voltage and quantum oscillations of the critical current 
anisotropy Vdd^/^o) oc -Ic,an{^/^o) (Fig. 10). 

The rectified voltage, i.e., the time-averaged voltage 

Vdc = / dtVilextit)) 

Je 

can be calculated from the V{Iext) CVC (see Figs. 2-4) 
and the time dependence of the external current, e.g., 
Iext{t) — Iosin{2TTft). The measurement results of the 
CVC and the magnetic dependences of the critical cur- 
rent anisotropy, presented in Sections 3.1 and 3.5, respec- 
tively, allow quantitative description of the rectification 
effect resulting in observation of quantum oscillations 
Vdc{^/^o)- The rectified voltage oscillation amplitude 
depends on several factors, including the CVC type, but 
the main one is the relation between the external cur- 
rent amplitude Iq and the critical currents Ic+{^/^o) 
and /c_($/$o)- 

The dc voltage Vdd^/^o) appears when the external 
current amplitude Jq exceeds the least Ic,min among crit- 
ical values of /c+($/$o) and /c-(<I'/$o)- At larger <i>/<i>o, 
this occurs at smaller amplitudes Iq (Fig. 11), since the 
critical current is here suppressed by the magnetic field 
(see Figs. 6 and 9). A decrease in the amplitude Va with 
increasing /q immediately after reaching the maximum 
VA,max at /o = h,max (Figs. 11 and 12) is caused by the 
opposite-sign voltage appeared as Jq reaches the larger 
value Ic,m.ax among Ic+ {^/^o) and h- ($/ $o)- The peak 
width in the dependence Va{Iq) (Fig. 12) corresponds to 
the /c+(<f>/<i>o), /c-($/<I'o) amplitude (Figs. 5 and 6) 
at the third- type CVC. For this CVC type with step- 
wise variation and strong hysteresis (Figs. 2 and 4), a 
stepwise increase in the rectified voltage would be ex- 
pected at /o = Ic+{^/^g),Ic+{^/^o)- The absence of 
such a step is probably associated with uncontrollable 
noises Inoise, due to which the actual external current 
Iext(t) = Iosin(2Trft) + Inoise{t) and its actual amplitude 
vary in time and not always coincides with Iq. 
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FIG. 9: Comparison of oscillations of the critical current 
/c+($/$o), /c-($/3>o) and the dc voltage V<ic($/<E>o) in- 
duced by alternating current with frequency / = 400 Hz 
and an amplitude of lo = 17.6 fj,A on the single ring at 
T « 1.216 K w O.gSGTc. 
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FIG. 11: Oscillations of dc voltage Vad^/^o) induced by 
alternating current with frequency / = 40 kHz and various 
amplitudes lo = 8.85, 9.6, 9.9, 10.5, 12, and 30 fiA on the 18- 
ring system at T w 1.234 K w 0.972Tc. All the dependences, 
except for lo = 9.6 ^A, are shifted vertically. 
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FIG. 10: Comparison of oscillations of the critical current 

anisotropy Ic.an(^ /^o) and the dc voltage Vdc{^ / ^o) induced 
by alternating current with frequency / = 500 Hz and an 
amplitude of Jo = 10.6 jiA in a magnetic field on the 20- ring 
system at T « 1.209 K « 0.985Tc. 



FIG. 12: Dependences of the amplitude Va of rectified voltage 
oscillations Vdc{^ /^o) on the external current amplitude /o 
for the 18-ring system with Wcon = 0.4 /im at (1) sinusoidal 
and (2) sawtooth currents with / = 40 kHz, T « 1.234 K « 
0.972T'c and (3) the 20-ring system with Wcon = 1 at 
sinusoidal current with / = 1 kHz, T « 1.214 K w 0.989Tc. 



The dependence Va{Io) shape is unchanged with the 
external current Iext{t) frequency and shape (sinusoidal 
or sawtooth) and the CVC type (Fig. 12). However, the 
Va{Io) peak height and width depend on both the current 
Iext{t) shape and CVC type (Fig. 12). As expected, the 
maximum amplitude VA,max is observed at the third type 
CVC and sinusoidal current (Fig. 12). For the second- 
type CVC, the Va{Io) peak is wider than that for the 
third-type CVC (Fig. 12). 

In the presence of the CVC hysteresis, the voltage 
V{Iext{t)) has a nonzero value for a relatively large frac- 
tion of the Iext{t) period, even if the current ampli- 
tude lo only insignificantly exceeds the critical current 
/c+($/<&o), Ic-{^/^o)- Therefore, the hysteresis in- 
creases the rectification efficiency. In the approximation 



V « Rnlext{t)j as the sawtooth current Igxtit) decreases 

down to the superconducting transition at lext = Ic.s 
(Figs. 2 and 4), the maximum amplitude of the rectified 
voltage, observed at Iq > Io,max, can be estimated by 

the formula VA,max ~ 0.25i?„(27c,moa: - Ic,min " Ic,s) « 

Q.2bRn{Ic,max—Ic,s + lA,an)- For all the measured struc- 
tures with the third- type CVC, the hysteresis value is 
larger than the anisotropy value, Ic,max — Ic,s > lA,an, 
even taking into account that 7c, s should be considered 
as an effective value corresponding to the hysteresis area 
(Fig. 2). The anisotropy amplitude of the critical cur- 
rent, measured, e.g., at T w 1.234 K k. 0.9727^ on 
the 18-ring system with normal state resistance i?„ k, 
92 n, is lA,an ~ 1 M^- This corresponds to VA,max ~ 
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FIG. 13: Quantum oscillations of the dc voltage induced by 
sawtooth alternating current with frequency / = 40 kHz and 
an amplitude of 7o = 3.2 ^lA on the 18-ring system at temper- 
ature T « 1.263 K K, 0.996rc, corresponding to the first-type 
CVC, see Fig. 2. 



0.25i?„/a,an ~ 23 jiV In the absence of hysteresis, which 
is several times smaller than the maximum amplitude 
VA,max ~ 100 fiV of quantum oscillations which induce a 
sawtooth current at this temperature. Estimations tak- 
ing into account the hysteresis Ic,max — Ic,s yield VA,max 
values close to the measured values. 

In addition to the quantitative difference, there is also 
an important qualitative difference between quantum os- 
cillations Vdc(^/$o) observed in the presence (Fig. 11) 
and in the absence of CVC hysteresis (Fig. 13). The 
existence of the hysteresis means that not only struc- 
ture regions in which the current density exceeds the 
critical value (j > jc) can be in the resistive state, 
but also neighboring regions in which j < jc- In this 
case, the persistent current promotes the transition to 
the resistive state of not only that ring half in which 
the persistent current increases the current density, e.g., 
jn = Iext/{sn + Sw) + Ip/sn > jc, but also in that 
ring half in which it decreases the current density, — 
Iext/{sn + Sw) " Ip/Sw < jc- The absence of CVC hys- 
teresis means that the transition to the resistive state of 
one ring half does not result in a similar transition of 
the second half until the current density in it reaches the 
critical value. 



3.4. Temperature Dependence of the Maximum 
Amplitude VA,,nax of Quantum Oscillations. 
Rectification Efficiency 

It is known that the critical Ic and persistent Ip cur- 
rents decrease when approaching the critical tempera- 
ture Tc- It can be expected that the critical ampli- 
tude Iqc ~ Ic(T) of the current and the maximum 
amplitude VA,max of quantum oscillations Vdc(^/^o) = 
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FIG. 14: Temperature dependences of the critical current 7c 
(squares), the maximum amplitude VA,max of quantum oscil- 
lations of dc voltage, and the amplitude Io,max (closed trian- 
gles) of the external current inducing VA,max (open triangles), 
measured on the single ring. 




FIG. 15: Temperature dependences of the rectification effi- 
ciency Effne = VA,max/lQ,maxRn, mcasurcd On (1) the sin- 
gle ring and (2) the 18-ring system with Rn = 92 Q,. The 
resistive transitions of (3) the single ring with ii„ = 3.3 f2, 
(4) the 20- ring system with R„ = 58 ii, and (5) the 2-ring 
system with Rn = 5.0 O. 



Raslpi^/^o) should decrease when approaching Tc simi- 
larly to Ic{T) and Ip{T). A decrease in the critical ampli- 
tude Iqc to zero near Tc means that noises with arbitrarily 
low intensity can induce quantum oscillations Vdc($/$o) 
in this temperature range. 

Here we present the first results of measurements of 
the temperature dependencies of the critical amplitude 
Iqc{T), maximum amplitude VA.rnaxiT) of quantmn os- 
cillations, and the external current amplitude Io,maxiT) 
at which VA,max{T) is observed (Fig. 12). The results 
obtained show the difference of rectification mechanisms 
in the immediate vicinity of Tc and at lower tempera- 
tures and make it possible to more reliably estimate the 
possibility to observe noises of arbitrarily low intensity. 

The measurements performed on single rings showed 
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that, as expected, Ioc{T) and Io.max{T) are close to the 
dependence of the critical current Ic{T) (Fig. 14). In 
this figure, only Io_max{T) is shown, since Ioc{T) is anal- 
ogous to it. The maximum amplitude VA,maxiT) of quan- 
tum oscillations decreases with increasing T similarly 
to Io^m,ax{T) at temperatures not close to the resistive 
transition. In the range T = 0.95 O.OOTc, the ratio 

max / -^Q.max — 0.79 it 0.03 ^ (at the normal-state ring 
resistance i?„ ~ 3.3 ) is independent of temperature to 
within the measurement error and sharply decreases be- 
fore the resistive transition (Fig. 15). Our measurements 
confirmed the increase in the amplitude of quantum os- 
cillations with the number of rings, observed in Q. 

To compare the rectification efficiency in systems 
with different numbers of rings the ratio Reff = 
VA,max/h,maxN Can bc uscd, as weh as Effne = 

max/ -^o,maxRn^ sincc the nomial-state resistance Rn 
increases with the number of rings. Our measurements 
showed that Reff and Effjie do not significantly differ 
for a single ring and a system of rings at low tempera- 
tures. For the single ring, Reff ~ 0.79 and Eff^e ~ 
0.24 at T = (1.18 ^ 1.23) K = (0.95 Qm)Te\ for the 
system of 18 rings, Reff ~ 1-1 ^ and Effne ~ 0.22 at 
T « 1.240 K « 0.977Tc (Fig. 15); for the 20-ring system, 
Reff w 0.45 n and EffRe » 0.16 at T w 1.210 K « 
0.978Tc. The high rectification efhciency Eff^e is ob- 
served at low temperatures due to the CVC hysteresis. 
For the second- and third-type CVCs with hysteresis, a 
higher efficiency is observed in the latter case. This is 
particularly clear when comparing the values of Eff^e 
measured on the system of 18 rings (wcon = 0.4 /im) with 
the third-type CVC at low temperatures (Fig. 2) and the 
20-ring system {wcon — 1 /^ni) with the second-type CVC 
(Fig. 3). The sharp decrease in the rectification efficiency 
EffRe with increasing temperature (Fig. 15) coincides 
with the change in the CVC type (Figs. 2-4). Despite 
the decrease in the rectification efficiency near Tc, the 
observed increase in NReff = VA,m,ax/ Io,max with the 
number of rings N confirms the possibility of using sys- 
tems with a large number of asymmetric superconducting 
rings as highly sensitive noise sensors [Tol|. 



3.5. Amplitudes of Critical and Persistent Current 
Anisotropy Oscillation 

According to expressions (2) for the critical current, 
obtained in Section 3.2 on the basis of conventional con- 
cepts, the critical current anisotropy of a structure with 



^w/^n — 2 and Seon ^ 



Siu should be given by 



^)/p = 1.5/p,A(r)2(n--^; 



According 



to this 



c,an($/*o) measured 



relation, anisotropy oscillations 
at various temperatures should 
be similar, Ic^ani^/^o) = /A,a«(r)/a„($/$o), and their 
amplitude should linearly decrease when approaching the 
critical temperature, lA,an = -^A,an(0)(l — T/Tc). Our 




FIG. 16: Critical current anisotropy oscillations /c,an(*&/$o), 
measured on the single ring with Wcon = 0.7 /im at vari- 
ous temperatures T « 1.211 K ^ 0.972rc, T ^ 1.227 K ^ 
O.gSSTc, and T ?a 1.235 K « 0.992rc. 




FIG. 17: Temperature dependences of /a, an/1.5 and Ic,pi/2 — 
Ic+/S, which should correspond to the persistent current am- 
plitude oscillations, measured on (1) the single ring with 
Wcon = 0.7 fim, (2) the single ring with Wcon = 0.6 fim, 
and (3) the 18-ring system with Wcon = 0.4 fim. Sym- 
bols are experimental data. Lines are the dependences 
Ip,a(T) = /p,a(0)(1 - T/Tc) for (1) /p,A(0) = 0.227 mA and 
Tc = 1.246 K, (2) Ip,A{0) = 0.179 mA and Tc = 1.236 K, (3) 
/p,a(0) = 0.068 mA and Tc = 1.263 K, and (4) the resistive 
transition of the ring with Wcon = 0.7 /im. 



measurements confirmed similarities of anisotropy oscil- 
lations of the critical current measured at various tem- 
peratures (Fig. 16). This allows us to compare the tem- 
perature dependencies and amplitudes of observed and 
expected oscillations despite their qualitative difference. 

The expected amplitude of the critical current 
anisotropy of a structure with Seon > Sn + Sid should be 
given by lA,an{T) = 1.5Ip^A{T). Based on this relation, 
we can estimate the persistent current amplitude from 
measured amplitudes of the critical current anisotropy. 
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For structures with Scon < Sn + Sw, there is no simple 
relation between Ic^an{T,^/^Q) and /p(r, <i>/$o), since 
the critical current at an insufficiently large persistent 
current is controlled by its value in current contacts, 
Jc+ = Ic- = Ic,pi = Sconjc- The persistent current can be 
determined by the value by which it decreases the critical 
current Ic+ (or Ic-) (Fig. 5), 



I, 



Thus, we can conclude that the expected and observed 
amplitudes of critical current oscillations and their tem- 
perature dependences are in agreement, even while oscil- 
lations are qualitatively different. 



3.6. Qualitative Difference between Expected and 
Observed Oscillations of the Critical Current of 
Asymmetric Superconducting Rings 



The persistent current amplitude calculated by these 
relations from experimentally determined lA,an{T) and 
Ic,pi/'2. — Ic+ji linearly decreases when approaching the 
critical temperature, Ip.A = /p,yi(0)(l - T/Tc) (Fig. 17). 
This is consistent with the linear decrease in the persis- 
tent current amplitude 



Ip.A{T) = 2ens 



2en 



2(s. 



proportional to the pair density Ug cx (1 — T/Tc). Us- 
ing the expression for the critical current density jc = 
ns2e{h/my'3^{T)) [3], the persistent current amphtude 
can be expressed in terms of the critical current as 



p,A 



Ic{T) 



2 y3e(T) 



9 r 
for Scon > Sn + Stu and 



Ip.A = -'C(0jg (1 ~ Y> 

for (S„ -I- Sw)/Scon = 1-5. 

This allows us to compare the theoretical persistent 
currents and their values obtained from measurements of 
critical current oscillations, using the experimental tem- 
perature dependencies of the critical current given in Sec- 
tion 3.1, Ic{T) = Ic{Q){l-T/Tcf/^, with /c(0) w 5.5 mA 
and 4.3 mA for single rings with Wcon = 0.7 /im and 
0.6 /iTO, respectively, and /c(0) « 1.4 mA for the system 
of 18 rings with Wcon = 0.4 /im. 

The values /p,A(0) = 0.23 to^,0.1 toA, and 0.07 mA 
obtained from /c+($/$o) and /c-($/$o) measure- 
ments on rings with Wcon — 0.7 ^m and 0.6 ^m 
and the system of 18 rings with Wcon — 0.4 /im 
(Fig. 17) are close to the corresponding val- 
ues /e(0)(2/9)(y3C(0)/r) = 2.1 mA(^(G)/r), 
J,(0)(2/9)(V3^(0)/r) - 1.6 mA(C(0)/r), and 
/c(0)(l/3)(V3^(0)/r) = 0.8 mA(e(0)/r) at C(0)/r » 0.1. 
At a radius r w 2 jj,m of rings used in the measure- 
ments, this means that the theoretical amplitude of 
the persistent current and the amplitude obtained from 
measurements of critical current oscillations are in agree- 
ment if the correlation length ^(T) = ,f(0)(l - TjTcY^^'^ 
extrapolated to the zero temperature is ^(0) « 0.2 /im. 
This value does not contradict that expected for 
the aluminium film structures used in this study, 
^(0) ~ 0.13_/xm in a structure with a smaller ratio of 
resistances [7| and ^(0) « 1.6 /im for pure aluminium. 



The main difference of the observed dependencies 
/c+($/$o) and /c_($/$o) (Figs. 5, 6, and 8) from ex- 
pected ones (2) is the similarity of the dependencies of 
the critical current measured in opposite directions and 
the positions of extrema (Fig. 8). It follows from the 
condition of the quantization of the velocity of supercon- 
ducting pairs (see (1)) that the critical current, indepen- 
dently of the measurement direction and ring asymmetry, 
should have maximum and minimum values at the total 
flux inside the ring $ = rt<i>o and $ = (n + 0.5)$0i re- 
spectively. The total magnetic flux $ = '^cxt + is 
induced by the external magnetic field ^cxt — BcxtS (in 
our measurements, Bext = Bgoi + Bres, see Section 2) and 
currents 7^,, /„ flowing in ring halves. <&/ = Lnln — Lml^, 
+ Ln — L is the ring inductance, and L^, w L„ « L/2 
are the inductances of halves. According to the quan- 
tization condition (1), the currents in halves are given 

by 



In 



Ic 



2L 



In a symmetric ring with — s„, an additional flux is 
induced only by the persistent current — Lip; in an 
asymmetric ring with = 2s„, it is also induced by the 
external current 



^lext = 



-^n-^ext^n -^w-^ext-^'u 



= L„In - L^Iw = * 



lext 



ip 



We recall that the left-to-right direction corresponds to 
positive values of lext, I-w, and /„; the clockwise direction 
corresponds to Ip. Therefore, for the geometry shown in 
Fig. 1 (used in this study) , ^lext and $/p have the same 
sign, while lext and Ip have opposite signs. 

The existence of the additional flux $/ can shift the 
positions of extrema by $/ in the dependencies on the 
external magnetic field. The persistent current does not 
affect the positions of extrema of critical current oscilla- 
tions Ici^ext/^o) in symmetric rings. Numerous stud- 
ies of symmetric superconducting quantum interferome- 
ters, i.e., the same superconducting loops, but with two 



Josephson junctions being a basis of the DC SQUID (Su- 
perconducting Quantum Interference Device) |JJJ, sug- 
gest that critical current maxima and minima are ob- 
served at $ = $0 and $ = (n-|-0.5)<I'o, respectively. The 
same is observed for a s ym metric aluminium ring with- 
out Josephson junctions [ij]. Asymmetric rings were not 
studied before our experiments; however, there are pa- 
pers on oscillations of the critical current of asymmet- 
ric interferometers pH [l^. The difference of the po- 
sitions of extrema in the magnetic dependences of the 
critical current from $ = n^Q and $ = (?i + 0.5)<I>o 
observed in these studies is associated with the differ- 
ence of the total flux <& = ^ext + in the interfer- 
ometer from the measured ^ext- Due to interferometer 
asymmetry, the measuring current lext induces the addi- 
tional flux ^lext, whose sign varies with the lext sign. 
Therefore, the extrema of Ic+{^/^q) and /c_($/$o) 
are observed at ^ext = $ - \^iext\ = n^o - \^iext\, 

'^ext = {n + 0.5)$o - \^Iext\ and <i>ext = + \'^Iext\, 

^ext ^ {n + 0.5)$o + \^iext\, respectively; i.e., the ex- 
trema of the dependences of the critical current mea- 
sured in opposite directions are shifted with respect to 
each other by 2|<i>/ext|- 

However, this explanation is inapplicable to the shift 
A(f> observed in this study. We obtained the depen- 
dencies /c+($/<I>o) and Ic-{^/^q) at various temper- 
atures for critical currents Ic from 3 iiA (Fig. 5) to 
30 fj,A (Fig. 18), which corresponds to the values of 
|$/ext| = LIc/6, differing by an order of magnitude. If 
the observed shift A0 would be determined by the value 
of 2^ lext, as is the case in [l3|, its value should change 
by an order of magnitude as Ic changes from 3 to 
30 fiA. However, all our measurements showed that 
A(f> is independent of Ic (Fig. 18). At the inductance 
L = 1.7 10~^^ H of the ring used in this study, the addi- 
tional flux is ^lext = Llext/Q ~ 0.04$o at lext = 30 flA 

and ^lext ~ 0.004$o at lext = 3 fiA. This estimate 
confirms the impossibility to explain the observed shift 
by the difference of the total flux $ from the measured 
flux ^ext ■ The estimates suggest that the used approx- 
imation $ « ^ext — BextS is valid with an accuracy 
of a few percent of $0. The magnetic flux — Lip 
induced by the persistent current with maximum ampli- 
tude Ip = 7 fiA (Fig. 17) does not exceed 0.06$o- 

The impossibility of explaining the observed shift 
by the difference of the total flux in the ring from 
the measured flux makes it an extraordinarily mysteri- 
ous phenomenon. The periodicity of the dependencies 
/c+($/$o) and /c_($/$o) leaves no doubt that the de- 
crease in the critical current is associated with the veloc- 
ity quantization (1). According to the quantization con- 
dition (1), the equilibrium (corresponding to the energy 
minimum) velocity of superconducting pairs has zero and 
maximum values at $ = n$o and <& = (n + 0.5)$0i 
respectively, in both symmetric and asymmetric rings. 
Therefore, it seems impossible to explain the shift of ex- 
trema by ±A0/2 as asymmetry appears in the ring. The 
results of our measurements of Little-Parks oscillations 
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FIG. 18: Oscillations of the critical current 7c+($/$o), 
Jc-('&/'3?o) and resistance R{^/^o) measured on the single 
ring at various temperatures: (1) T ~ 1.211 K ~ 0.972Tc, 
(2) T f» 1.216 K « 0.976Tc, (3) T 1.222 K ^ O.gSlTc, 
(4) T f» 1.227 K ^ 0.984Tc, (5) T « 1.231 K ^ O.gSSTc, 
(6) T ^ 1.235 K « O.ggiTc; (7) R{^/^o) measured at 
le^t = 1 and T = 1.232 K ^ O.gggTc. The dependence 
i?($/<l>o) is shifted vertically. 



Ai?($/$o) in the studied rings make the situation quite 
strange. Measurements showed the resistance extrema 
Ai?($/$o) oc v^{^/^o) of both the asymmetric and sym- 
metric rings are observed at $ = n^o and 'I' — (n-|-0.5)$o 
(Fig. 18). According to the conventional explanation [4j, 
which relates resistance oscillations and the squared ve- 
locity of pairs, Ai?(<I>/<i>o) oc w^(<i>/<I>o), this means that 
is zero at $ = n<I>o and is maximum at $ = (n -I- 0.5)<I'q. 
However, if critical current oscillations Ic+{^/^o) and 
Ic-{^/^o) are also related to pair velocity \vs\ oscilla- 
tions, their maxima and minima should be observed at 
$ — n^o and $ = (rt -f- 0.5)$o, respectively, as in the 
symmetric ring. For the observed similarity of the depen- 
dencies Ic-{^/^o) = Ic+{^/^o + A0), this would imply 
the absenceof CVC asymmetry, /c_ (<i>/<i>o) = Ic+i^/^o) 
at A(j) = 0, and the absence of rectified voltage oscilla- 
tions Vdc{^/^o)- Thus, it should be concluded that the 
results of measurements of resistance and critical current 
oscillations on the same asymmetric ring contradict each 
other based on conventional concepts. 

The critical current anisotropy in the expected depen- 
dencies Ic+{^/^o) and /c_(<i>/<i>o) (2) is caused by the 
absence of similarity (Fig. 19), rather than by their rel- 
ative shift. In the intervals $ = n^Q $ = (n -I- 0.5)$o 
and ^ = {n + 0.5)<I>o -f- = n^o, these dependences have 
different slopes due to the difference between the cross 
sections of ring halves, s^, — 2s„; at <i> = (n -f 0.5)<i>o, 
there is a discontinuity due to a change in the persistent 
current direction (Fig. 19). The absence of such a dis- 
continuity in the observed dependencies /c+(<&/<I>o) and 
Ic^{^/^o) (Fig. 19) is one more important difference of 
the obtained result from the expected one. According to 
expressions (2a) and (2b), which are based on conven- 
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FIG. 19: Comparison of the dependences of the critical cur- 
rent: the expected from (2) at /c(0) = 7 jj,A, Ip^A = 1 IJ-A and 
the observed on the single ring at T ^ 1.225 K « 0.991Tc. 

tional views, the critical current of the asymmetric ring 
should depend not only on the magnitude, but also on the 
direction of the persistent current. According to velocity 
quantization condition (1), two allowed states with mini- 
mum energy, n and n+1, should exist at $ = (n-|-0.5)$o- 
States with equal in magnitude but oppositely directed 
persistent currents Ip (x n — ^/^o = ±0.5 should corre- 
spond to different values of the quantum number n. A 
measurement of the critical current corresponds to a sin- 
gle measurement of the quantum state. When the ring 
transits to the superconducting state at $ = (n + 0.5)$0j 
the quantum number takes the value of either n or n-f 1, 
which cannot change before the ring transition to the nor- 
mal state at \Iext\ = Ic+ or \Iext \ = Ic-- Since the states 
n and n -I- 1 have opposite directions of the persistent 
current Ip, they should correspond to different critical 
currents, 

Ic+ — IcO — Ip,a{^ H ) = IcO — ilp.A 



Ic+ = IcO — Ip,A{^ H — ) = IcO ~ l-5/p,A 

of the rings under study with the ratio Sw/sn = 2 (Fig. 
19). Since all states, except for Ip = Ip^A{n — *&/$o) — 
±0.5/p^yi, are forbidden, the dependences /c+(<i>/$o) and 
Ic-{^/^o) should contain a discontinuity whose value 
l.blp^A should be equal (according to (2)) to half the am- 
plitude of the critical current oscillations (Fig. 19). How- 
ever, we observe oscillations /c+(<i?/<l'o) and /c+($/$o) 
(Figs. 6, 8, and 18) which, in contrast to the expected 
ones (2), contain no discontinuity at $ = (n -f 0.5)<&o 
(Fig. 19). 

This result of a single measurement is even stranger, 
since multiple measurements show two allowed states at 
$ = (n -I- 0.5)$o- Here it is noteworthy that the depen- 
dencies of the rectified voltage Vdc{^ l^o) cross zero at 



$ = n,$o and $ = (n -|- 0.5)$o (Figs. 9-11), while resis- 
tance oscillations Ai?($/$o) have a minimum and a max- 
imum at $ = n$o and <i> = (n-|-0.5)$o, respectively (Fig. 
18). The rectified voltage is proportional to the multi- 
ply measured pair velocity, Vdd'^/'^o) ocv^ oc n — <i>/<i>o, 
while the resistance is proportional to the squared veloc- 
ity, Ai?($/$o) oc (X (n- $/$o)2- The Ai?($/$o) « 
Vg minimum and Vdc{^/^o) oc TJJ = at $ = n$o cor- 
respond to the contribution of only one level. However, 
the Ai?($/<J>o) oc w2 maximum at Vdd^/^o) esc T^J = 
cannot be explained without the existence of two states 
n and n + 1 at $ = (rt + 0.5)<i>o with equal and oppositely 
directed velocities cx n — $/$o oc (1/2) + (—1/2), 
while cx (n-$/$o)2 oc (1/2)^ + (-1/2)^ = 1/2. The 
detected disagreement between the results of single and 
multiple measurements of states of the macroscopic quan- 
tum system can be of great importance for the problem 
of quantum calculations [l3|, in particular, the problem 
of developing the quantum bit on the basis of supercon- 
ductor nanostructures [l5l |. 



4. CONCLUSIONS 

The goal of this study was to test the quite obvious 
assumptions that (i) quantum oscillations of the recti- 
fied voltage V(ic($/$o) are caused by periodic variations 
in the CVC asymmetry of asymmetric superconducting 
rings in a magnetic field; (ii) the CVC asymmetry is 
caused by the superposition of the measuring and persis- 
tent currents, and the periodic CVC variation is caused 
by periodic variations of the persistent current, /p((f>/$o). 
The results obtained not only confirmed the first assump- 
tion, but also allowed us to explain the change in the 
rectification efficiency with the current amplitude and 
temperature. As for the second assumption, the peri- 
odic dependence of the critical current on the magnetic 
field leaves no doubt that the CVC asymmetry is caused 
by quantization of the superconducting pair velocity, i.e., 
the periodic dependence of the persistent current. Many 
results confirm the assumption on the CVC asymmetry 
as a consequence of the superposition of measuring and 
persistent currents. However, the similarity of the de- 
pendencies /c+(<i>/$o) and Ic-i^/^o), their shift with 
respect to each other, and the absence of discontinuity 
at $ = (n + 0.5) $0 are not only inconsistent with the 
expected dependence, but also contradict the measure- 
ments of Little-Parks resistance oscillations. The cause 
of this contradiction should be clarified in further studies. 
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